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Abstract
Bifurcation analysis of dynamic pull-in for a lumped mass model is presented.
The restoring force of the spring is derived based on the nonlinear constitutive
stress-strain law and the driving force of the mass attached to the spring is based
on the electrostatic Coulomb force, respectively. The analysis is performed on
the resulting nonlinear spring-mass equation with initial conditions. The neces-
sary and sufficient conditions for the existence of periodic solutions are derived
analytically and illustrated numerically. The conditions for bifurcation points
on the parameters associated with the second-order elastic stiffness constant
and the voltage are determined.
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1. Introduction
Pull-in effect occurs in operations of electrostatic controlled micro-electro-
mechanical systems (MEMS). The Pull-in voltage analysis of electrostatically
actuated device is very important for the efficient operation and reliability of
the device. The analysis of the dynamic pull-in voltage of linear materials
for MEMS models has been well-established in literature, see, e.g., [1]. It is
well-known that static pull-in phenomenon occurs when the electrostatic force
balances the restoring force at around one-third of the distance between the
actuating plate and the base substrate corresponding to linear restoring force.
Numerous research papers have supported these results both experimentally
and numerically, see e.g. [2, 3]. For a general review of the some comprehensive
results on study of pull-in phenomenon and stability analysis in MEMS appli-
cations, see, e.g., [4]. The wonder material graphene has been considered to be
an excellent material candidate for electrostatic MEMS devices.
However, it is shown that even for small strains, graphene behaves nonlinearly
which results in a nonlinear restoring force in the corresponding lumped-mass
models, see e.g. [5, 6, 7, 8]. The first mass-spring model for an electrostatically
actuated device has been introduced by Nathanson et al.[9]. For the mass-
spring system, Zhang et al. [4] specify the dynamic pull-in and describe it as
the collapse of the moving structure caused by the combination of kinetic and
potential energies. In general, the dynamic pull-in requires a lower voltage to
be triggered compared to the static pull-in threshold, see [10, 4].
There are relatively few analytical results for lumped-mass models based
on nonlinear restoring forces, and it is the purpose of this paper to provide
analysis of dynamic pull-in for the lumped-mass model based on the nonlinear
elastic behavior of graphene. This is done analytically and exact and explicit
formulas for the dynamic pull-in voltages of the nonlinear system are obtained,
see Theorem 1 and its corollary.
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Nomenclature
A,Ac area of the plate and cross-sectional area of the graphene strip
E, E Young’s modulus and the energy
d the gap between the moving plate and the substrate plate
D the second-order elastic stiffness constant
Fres restoring force of the nonlinear spring
FC the electrostatic pulling force
K force parameter in the lumped mass model
L length of the graphene strip
m mass of the plate
T time period
t, tpull−in time and pull-in time
VDC voltage
Vpull−in pull-in voltage
x axial displacement of the plate
x∗ normalized axial displacement of the plate
xmax amplitude of the periodic wave
t time
t∗ normalized time
ε axial strain
ε0 electric emissivity
σ axial stress
σmax the ultimate yield stress
α restoring force parameter
In fact, we show that there is a dichotomy: either the initial value problem has
a periodic solution or pull-in occurs. The condition which separates periodic
solutions from pull-in are demonstrated in terms of the operating voltage, the
nonlinear material parameters, the associated geometric dimensions, and the
initial conditions. To the best of our knowledge there is no such kind of
results for the systems with nonlinear restoring forces. Our results are novel
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for the system with the nonlinear restoring force resulting from the stress-strain
equation for graphene. We also obtain integral formulas for the time moment
when pull-in occurs and the period of the periodic solutions when there is no
pull-in. In this work we derive the conditions for the dynamic pull-in in the
case of zero initial conditions in the one degree of freedom (DOF) spring-mass
system which represents the graphene-based MEMS. Our mass-spring model can
be also considered as one DOF approximations to solutions of MEMS problems
which usually require applications of advanced finite element solvers
In Section 2, we present the model, in Sections 3, we demonstrate the analytic
pull-in conditions, in Section 4, we illustrate the analytic results numerically,
and the Section 5, we draw the conclusions.
2. Model problem
For completeness, we introduce the mathematical model describing the mo-
tion of an actuating plate under the elastic and electrostatic Coulomb forces,
presented in [11].
dVDC
0
x
Fres
FC
Figure 1: The parallel plate capacitor.
Let Ac denote the cross-sectional area of the graphene strip whose one end
is fixed and another one is attached with a flat plate with mass m and area A,
see Fig. 1. Both experimentally and theoretically it is justified in [6, 7] that the
graphene material obeys the following constitutive equation
σ = Eε−D|ε|ε (1)
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where ε, σ, E and D denote the axial strain, axial stress, Young’s modulus and
second-order elastic stiffness constant, respectively. The constitutive equation
(1) is valid for |σ| ≤ σmax where the upper bound σmax is called the ultimate
yield stress of graphene. It determines the second-order elastic stiffness constant
as D = E
2
4σmax
. The plate with mass m causes the axial displacement of the
graphene based material strip. We will model the graphene strip as a flexible
spring whose restoring force is related to the constitution equation (1) as follows
Fres = −EAc x
L
+DAc
∣∣∣ x
L
∣∣∣ x
L
(2)
where x denotes the axial displacement from the equilibrium level of the plate,
the strain is approximated by x/L and L is the length of the graphene strip. The
moving plate is also subject to the electrostatic Coulomb force which occurs if
we place another parallel substrate plate and impose the voltage VDC , see Fig. 1.
The electrostatic Coulomb force is given by
FC =
ε0AV
2
DC
2(d− x)2 (3)
where d is the gap between two plates, the relative distance between the moving
and fixed plates is d−x and ε0 is the electric emissivity. By Newtons second law
of motion, the vertical displacement variable x in the lumped-mass nonlinear
spring model satisfies the following nonlinear equation
mx¨ = Fres + FC ,
so
mx¨+ EAc
x
L
−DAc
∣∣∣ x
L
∣∣∣ x
L
=
ε0AV
2
DC
2(d− x)2 (4)
where x¨ = d
2x
dt2 . If the electrostatic force dominates significantly the restoring
force, then the moving plate can approach or touch the fixed bottom plate. In
this case, the so called pull-in occurs.
Let us introduce dimensionless quantities
x∗ =
x
d
, t∗ = t
√
EAc
mL
, K =
ε0ALV
2
DC
2EAcd3
, α =
Dd
EL
=
Ed
4Lσmax
. (5)
5
For simplicity of notation we omit the asterisks. Then, we obtain the following
dimensionless form of (4)
x¨+ x− α|x|x = K
(x− 1)2 , (6)
where K ≥ 0 and α ≥ 0. We prescribe the following initial conditions x(0) = x0,
x˙(0) = x′0 where x0 < 1. The initial value problem (6) can be rewritten as the
first order system  x˙ = y ,y˙ = −x+ α|x|x+ K(1−x)2 (7)
with initial values x(0) = y(0) = 0. The case of α = K = 0 corresponds to the
classical harmonic oscillator. The case of K = 0 and α > 0 has been discussed
in [12], and the solution can be determined in terms of elliptic Jacobi functions.
Recently, the case of time dependent K has been discussed by [13]. The static
pull-in voltage analysis for the case of α = 0 has been stated in [1]. We notice
that the value
K =
4
27
from [1] corresponds to the static pull-in voltage Vpull−in =
√
8kd3
27ε0A
, and it
exceeds the value which will be determined in the following Section.
3. Analysis of dynamic pull-in voltage
Multiplying (6) by x˙ and integrating with respect to time, we get the con-
servation of energy
E(t) = 1
2
(x˙(t))2 +
1
2
x2(t)− 1
3
α|x(t)|x2(t)− K
1− x(t) ,
i.e.,
1
2
(x˙)2 +
1
2
x2 − 1
3
α|x|x2 − K
1− x = C
where C = 12 (x
′
0)
2 + 12x
2
0 − 13α|x0|x20 − K1−x0 . Thus,
(x˙)2 = −x2 + 2
3
α|x|x2 + 2K
1− x + (x
′
0)
2 + x20 −
2
3
α|x0|x20 −
2K
1− x0 . (8)
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(d) α = 10
Figure 2: Phase trajectories for K = 2, 1, 0.25, 0.126, 0.124, 0.1, 0.0625, 0.03125 and different
values of α.
Our analysis is based on the phase diagrams for the case x0 = x
′
0 = 0. The
phase diagrams for several values of α and K are presented in Fig. 2. The closed
orbits in phase diagrams represent periodic solutions. We see in Fig. 2 that the
periodic solutions are expected for small parameter values of α ≥ 0 and K > 0.
The following theorem determines the range of the positive parameters α and
K for which the pull-in occurs.
Theorem 1. Let α > 0, µ =
√
4α2 − 6α+ 9 and
κ(α) =
(2α+ 3− µ)(−4α2 + 24α− 9 + 2αµ+ 3µ)
648α2
.
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The initial value problem (6) with zero initial values has a periodic solution if
and only if K ≤ κ(α) whereas the pull-in occurs if K > κ(α).
Proof. As in (7), we can think of (8) as a system of first order differential
equations by letting y = x˙. Then, the solution x(t) is periodic if and only if the
phase diagram, x vs. y, produces a closed curve. With zero initial conditions,
x0 = x
′
0 = 0, this means that it is necessary and sufficient for the energy
equation (8) to have a closed curve. This is the case when
fα,K(s) := −s2 + 2
3
αs3 +
2K
1− s − 2K =
s(− 23αs3 + ( 23α+ 1)s2 − s+ 2K)
1− s
has a root in (0, 1), see Fig. 2 for illustration. Note that fα,K > 0 when s
approaches to 0 and 1 in (0, 1). Hence, due to Mean Value theorem, the existence
of a root in (0, 1) is equivalent to existence of a local minimum of fα,K in (0, 1)
that is at most 0. Therefore, hα,K(s) = − 23αs3 + ( 23α + 1)s2 − s + 2K must
have a non-positive minimum at some s ∈ (0, 1). To find the critical points,
we compute h′α,K(s) = −2αs2 + 2( 23α + 1)s − 1. Then, considering the second
derivative, we see that hα,K attains its minimum at the smallest critical point
s1 = (2α/3 + 1−
√
(2α/3 + 1)2 − 2α)/(2α) which is in (0, 1) and we must have
hα,K(s0) ≤ 0. This results in
K ≤ − 1
648α2
(−2α− 3 +
√
4α2 − 6α+ 9)×
× (−4α2 + 24α− 9 + 2α
√
4α2 − 6α+ 9 + 3
√
4α2 − 6α+ 9) .
The condition for pull-in solutions is equivalent to hα,K(s1) > 0. 
As an immediate consequence of Theorem 1 we obtain the exact formula for
dynamic pull-in DC voltage.
Corollary 2. The pull-in voltage for the lumped-mass nonlinear spring model
(4) satisfies
Vpull−in =
√
2EAcd3κ(α)
ε0AL
,
where α = DdEL and κ(α) as in Theorem 1.
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Figure 3: Values of parameters α > 0 and K for pull-in and periodic solutions in the case of
x0 = x′0 = 0.
Proof. This obviously follows from Theorem 1 and identities in (5). 
Remark 3. Let K0pull−in = lim
α→0+
κ(α). We have K0pull−in = 1/8, so we re-
covered the case of linear spring, i.e. α = 0. The solution to problem (6) with
initial values x0 = x
′
0 = 0 is periodic if K < K
0
pull−in, and the pull-in occurs if
K > K0pull−in.
The values (α,K) for which the initial value problem (8) has periodic or pull-
in solutions are presented in Fig. 3. In the linear case α = 0 we have pull-in
if K > K0pull−in with K
0
pull−in =
1
8 which is smaller than the value K =
4
27
for the static pull-in obtained by [1]. Notice that for 427 > K >
1
8 the pull-in
still occurs. The general case of arbitrary initial values x0 ≥ 0 and x′0 will be
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discussed in forthcoming works. The exact pull-in time tpull−in and the period
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Figure 4: Solution profiles for different values of K and α.
T can be computed as follows
tpull−in =
1∫
0
ds√
−s2 + 23αs3 + 2K1−s − 2K
and
T =
xmax∫
0
2ds√
−s2 + 23αs3 + 2K1−s − 2K
,
where xmax ∈ (0, 1) is the root of hα,K(s). We notice that xmax also represents
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the amplitude. In the case of linear spring, we have
tpull−in =
1∫
0
ds√
−s2 + 2K1−s − 2K
, K >
1
8
,
and
T =
1
2− 12
√
1−8K∫
0
2ds√
−s2 + 2K1−s − 2K
, 0 < K <
1
8
.
The above values are verified by numerical experiments in the next Section.
4. Numerical experiments
In order to justify the predicted behavior of the solutions x(t) to the model
problem (6), we employed the standard Matlab ODE solver ’ode23s’ using the
following options for high accuracy numerical solutions
’options = odeset(’RelTol’,1e-10,’AbsTol’,[1e-12 1e-12])’.
This ODE solver is based on the embedded Runge-Kutta method, see [14].
Several solution profiles x(t) for different sets of parameter values are presented
α
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Figure 5: Pull-in time for α ∈ [0.03, 1] and K = 0.124, 1
.
in Fig. 4, where the periods and pull-in times depend on the parameters α, K
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and the initial values. In Fig. 5 we numerically demonstrated how the pull-in
time decreases for K = 0.124 and K = 1 when the parameter α ∈ [0.03, 1]
increases.
5. Conclusions
Pull-in conditions for lumped-mass models subject to the electrostatic force
with the nonlinear restoring force arising from the constitutive stress-strain
equation for graphene are obtained. Specific conditions for pull-in phenomenon
to occur in the model are presented analytically in terms of the operating
voltage, the nonlinear material parameters, the geometric dimensions, and the
initial conditions. Numerical illustrations of the analytic solutions are also
presented. The results obtained in this work are novel and can be useful for
design of some MEMS made of graphene.
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